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ABSTRACT:

In this paper we prove Banach type fixed point theorem for complete M — fuzzy metric space. Also we establish some
fixed point theorems for generalized contraction mappings in M — fuzzy metric spaces.
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1. INTRODUCTION

In 1965, Zadeh introduced the famous theory of fuzzy sets and used it as a tool for dealing with
uncertainty arising out of lack of information about certain complex system. Fixed point theorems in
fuzzy mathematics are emerging with vigorous hope and vital trust. It appears that Kramosil and
Michalek’s study of fuzzy metric spaces paves a way for very soothing machinery to develop fixed point
theorems for contractive type maps.

Recently Sedghi and Shope [7] introduced D* - metric space as a probable modification of the
definition of D - metric introduced by Dhage, and prove some basic properties in D* - metric spaces.
Using D* - metric concepts, they [7] define M — fuzzy metric space and proved a common fixed point
theorem in it. In this paper we prove Banach type fixed point theorem for complete M — fuzzy metric
space. Also we prove some fixed point theorems for generalized contraction mappings in M — fuzzy
metric space.

2. PRELIMINARIES

DEFINITION: 2.1:- Let X be a nonempty set. A generalized metric (or D* - metric) on X is a
function: D* : X3 — [0, ) that satisfies the following conditions for each x,y,z,a € X

(i) D* (x,y,z) =0

(i) D* (x,y,2) =0, iff x=y =2z

(iii) D* (x,y,2z) = D* (p{x,y,z}) (Symmetry) where p is a permutation function,

(iv) D* (x,y,z) < D* (x,y,a) + D*(a,z,z)
The pair (X, D¥), is called a generalized metric (or D* - metric) space.

Immediate examples of D* - metric are

(a) D* (x, y, z) = max {d(x, y), d(y, 2), d(z, x) },

(b) D* (x,y, 2) = d(x, y) + d(y, 2) + d(z, X).
Here, d is the ordinary metric on X.

DEFINITION: 2.2:- A fuzzy set M in an arbitrary set X is a function with domain X and values in
[0, 1].
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DEFINITION: 2.3:- A binary operation *: [0,1] x [0,1] — [0,1] is a continuous t-norm if it
satisfies the following conditions

(i) * is associative and commutative,

(ii) * is continuous,

(iii)a * 1 = aforallaa € [0,1],

(ivya*b < cxdwhenevera < candb < d, foreacha,b,c,d € [0,1].

Two typical examples for continuous t-normarea *b = aband a * b = min {a, b}.

DEFINITION:2.4:- The 3-tuple (X, M,*) is called a fuzzy metric space if X is an arbitrary non empty
set, = is a continuous t-norm and M is a fuzzy set on X2 x [0,) satisfying the following conditions for
eachx,y,z € Xandt,s > 0,

(FM-1) M(x,y,t) > 0,

(FM-2) M(x,y,t) = 1lif andonlyifx = vy,
(FM_3) M(X, Y, t) = M(y' X, t),

(FM-4) M(x,y,t) * M(y,z,5) < M(x,z,t + s)
(FM-5) M(x,y, -):(0,0) — [0, 1] is continuous

DEFINITION:2.5:- A 3-tuple (X, M,*) is called M — fuzzy metric space if X is an arbitrary non
empty set, = is a continuous t-norm, and M is a fuzzy set on X3 x [0, ), satisfying the following
conditions for each x,y,z,a € Xandt,s > 0

(FM-1)M (x,y,z,t) > 0

(FM-2)M (x,y,z,t) = liffx =y = z

(FM-=3)M (x,y,z,t) = M (p {x,y,z},t), where p is a permutation function

(FM-4) M (x,y,a,t) * M(a,z,z,s) < M(x,y,z,t +5)

(FM -5)M (x,y,z, -):(0, ) - [0,1] is continuous

(FM - 6) %LIEM (x,y,z,t) = 1.

EXAMPLE: 2.6:- Let X be a nonempty set and D* is the D* - metric on X. Denote a * b = a.b for
alla,b € [0,1]. Foreach t € (0,), define:

M (x,y,21t) =

t

t+ D*(x,y,2)
for all x,y,z € X, then (X, M,*) is a M- fuzzy metric space. We call this M-fuzzy metric induced by D*
- metric space.

Thus every D* - metric induces a M-fuzzy metric.

LEMMA: 2.7:-[7] Let (X, M, *) be a M-fuzzy metric space. Then for every t > 0 and for every
x,y € X wehave M(x,x,y,t) = M(x,y,y,t).

LEMMA: 2.7:-[7] Let (X, M, *) be a M —fuzzy metric space. Then M (X, Y, z, t) is non-decreasing
with respect to t, for all x, y, z in X.

DEFINITION: 2.8:- Let (X, M,*) be a M-fuzzy metric space. For t > 0, the open ball
By (x,7,t) with center x € X andradius 0 < r < 1 is defined by
By (x,7,t) = {yeEX:M (x,y,y,t) > 1 — r}



International Journal of Advanced Research in Applied Sciences, Engineering and Technology ,
Vol(2), Issue (1), 2019

A subset A of X is called open set if for each x € Athereexistt > 0and0 < r < 1 such that
By (x,7,t) € A.

DEFINITION: 2.9:- Let (X, M,*) be a M — fuzzy metric space and {x,} be a sequence in X
(@) {xn} is said to be converges to a point x € X if
lim M(x,x,x,,t) =1 forallt> 0

n—-oo

(b) {x,} is called Cauchy sequence if

lim M(Xn4p , Xn4p Xn,t) =1 forallt>0, p >0

n—-oo

(c) A M — fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

3. MAIN RESULT

THEOREM: 3.1:- Let(X,M,x) be a M-fuzzy metric space with t+xt>t for all te
[1,0] and T: X — X be a mapping such that for all x,y,z € X andt > 0withx #y # z

M(x,y,z1t) * M(y, Z, Ty,t) }

MI(T,T,T, insM(X,Y,Z T
(x, y, Z_t)>mm{ &Y.z, )'M(x,x,Tx,t)*M(J’:Y'Ty,t)

For any point x, € X the sequence {T™(x,)} has a subsequnce converges to wu.
Then u is a unique fixed point of T.

Proof: Letx, € X be any arbitrary fixed point.

Define a sequence {x,,} in X as x4, = Ty, forn =0,1,2,...

Suppose x,, = x,4, for some n.

Then x, =T, thus x,, = u is a fixed point of T.

Let x,, # x,41 forall n.For n> 1 we have.

M(Xn,xn,xn+1,t) = M(TXn_l,TXn.l,TXn,t)

> min

M (xn—l,xn— 1,%Xn » t)'

M (xn—l,xn—l,Txn_ 1’t) * M (xn_l,xn,Txn_ 1’t) }
M (xn—l,xn—l,Txn_ 1’t) * M (xn—l,xn—l,Txn_ 1’t)

M(xn—l,xn—l,xnlt)*M(xn—l,xn,xnt) }
M (Xn—1Xn—1,%nt)*M(Xpn_1 %n—1Xnt)

=min {M(xn—l,xn—l,xn , t),

M(xn—l,xn—l,xnrt)}
M(xn—1,%n-1,%n,t)

=min {M(xn—l,xn—l,xn , t),

10
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= min{M(xn_an_an , t), 1 }

Therefore,

M(xn‘xn‘xnﬂ , t) = M(xn_l,xn_l,xn , t)
Thus, {M(xnXnXn+1,t)} is monotonically sequence of positive real number bounded above by 1.
It is convergent to a positive real number, say L

Therefore lim M(x,, Xp, Xp41,t) =L

Nn—o0

Also the sequence {M (xp, Xy, Xn+1, )} has a subsequence M (xy,, Xp» Xy, t) = L

Now we prove that L=1

Suppose L< 1

Since x, = T"x, has a subsequence x,, converges to u.

We havellimM(xnk,xnk,u, ) Il N ()
Sincel>L = ,li_r&M(xnk'xnk'xnkH't)

1>L>= IEI_I)IOIOM (xnk,xnk,u,%) * M (u,xnkﬂ,xnkﬂ,%) =1=x1
1>1+1

Which is contradiction, Hence L=1

Therefore M (xy,,., Xy, Xny, o ) = 1

and lim M(xp,Xg, Xpe1, ) = 1
n-—-oo

Thus{x,} is cauchy sequence.

Suppose L < 1
Since x,, = T™ has a subsequence x, converse to u.

We have lim M (%npr Xnpowst) =1
Now 1> L = M(xp,, Xn,, Xn,,, t) =1

. t t
> lim {M (xnk,xnk,u, E) * M (u, xnkﬂ,xnkﬂ,g)}

k—ow

=1x%1

11
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1>1=x1
Which is contradiction.

Now we prove u is fixed point of T.

Suppose u # T (u) we have

M(u,u, T, t) = Ill_r)go M(xnk+1,xnk+1,Tu, t)= 111_1)‘210 M(xnk,xnk,Tu, t)

M(xnk,xnk,Txnk,t)* M(xnk,u,Tnk,t) }

> Ill_l)l;lo min {M(xnk' xnk' u, t)' M(xnk'xnk'Txnk’t)* M(x"k’x"k’Tnk’t)

k—o0

. . M(xnk,xnk,Txnk,t)* M(xnk,u,Tnk,t)
= lim min {M(xnk' xnk' u, t)' M(xnernk'Txnk’t)* M(x"k’x"k’Tnk’t)

M (g g Xy )% M (2 U X1, ) }

) ’P—r& min {M(xnk' e ) M (g g ) M (X g Xy )

= min{M(u, wu,t), M(u,u,u,t)*M(u,u,u,t)}

M (u,u,u,t)*M (u,u,u,t)

=min{M(u,u,u,t); 1}
=min{l,/}

=1
Mu,u,Tu,t)>1..........

Hence u = Tu.

UNIQUENESS:-

Suppose there exists 9 € X such that T, =9 and 9 # u
Now consider M (u,u,9,t) = M(T,, Ty, Ty t)

M(u,u, Ty, t) * M(u,9,T,, t)}

M(u,u, Ty, t) * M(u,u, Ty, t)
M (u,uu,t)*M (u,ﬁ,u,t)}
M (u,u,u,t)*M(u,u,u,t)

1*M(u,19,u,t)}
1*1

> min {M(u, u,9,t),

= min {M(u, u,9,t),

= min {M(u, u,9,t),

12
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=min{M(u,u,9,t), M(u,9,u, t)}

=M(u,u,9,t)

M(u,u,9,t) > M(u,u,9,t)
Which is contradiction.

Therefore u is a unique fixed point of T.
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